We obtain a new definition of the ramification subgroups of the absolute Galois group of a complete discrete valuation field with perfect residue field in terms of Fontaine's property (Pm).
Introduction
Let K be a complete discrete valuation field with perfect residue field k of characteristic p > 0, O K its valuation ring, v K its valuation normalized by v K (K × ) = Z, K alg a fixed algebraic closure of K andK the separable closure of K in K alg . In this paper, we construct a certain decreasing filtration of the absolute Galois group G K := Gal (K/K) to measure the ramification of extensions of K. If L is a finite separable extension of K, we denote by O L the integral closure of O K in L. For an algebraic extension E of K and a real number m, we put a m E/K := {x ∈ O E |v K (x) ≥ m} which is an ideal of O E . For a finite separable extension L/K and a real number m, we consider the following property studied in [Fo] Moreover, the property (P m ) is stable under composition of extensions of K. Hence we can define a filtration of G K as follows: For a real number m, we , where the latter is the upper numbering ramification group defined in [Se] . This filtration (G (m) K ) m∈R is well-known in the classical ramification theory. Our main result in this paper is: Theorem 1.1. For a real number m, we have G
We prove this theorem by showing the equality m L/K = u L/K for a finite Galois extension L of K, where u L/K is the greatest upper ramification break of L/K in the sense of [Fo] .
The property (P m ) is useful for obtaining a ramification bound of some Galois representations ( [CL] , [Fo] , [Ha1] ). Indeed, Fontaine proved the following: in the case where the characteristic of K is 0, for an integer n ≥ 1, if we denote by G a finite flat group scheme over O K killed by p n , then the ramification of G(K) is bounded by m if m > e(n + 1 p−1 ), where e is the absolute ramification index of K ( [Fo] , Thm. A). This is extended to the imperfect residue field case by Hattori ([Ha2] , Thm. 7). Our equality m L/K = u L/K was used in [Ha1] , Proposition 5.6 to improve the ramification bound for semi-stable torsion representation.
In Section 2, we study some properties of (P m ) and the number m L/K . By using these results, we define our filtration of G K and deduce its properties (i)-(iv) above. In Section 3, to prove Theorem 1.1, we show the equality m L/K = u L/K after recalling the classical ramification theory for separable extensions of K ( [De] , [He] ). In the Appendix, we begin with a review of the ramification theory of Abbes and Saito ([AS1] , [AS2] ). After this, we generalize the property (P m ) to the imperfect residue field case, and translate our results in Section 3 to the language of their theory. 2 Ramification theory via (P m )
In this section, we study the property (P m ). Let m be a real number. For a finite separable extension L of K, we put
where L is the Galois closure of L over K. If L = K, the property (P m ) holds for all real number m, so that we have m L/K = −∞. The following proposition is a basic property of the number m L/K :
. Let P be the minimal polynomial of α over K and α = α 1 , . . . , α n the zeros of P inK. Suppose there exists an
. . , α n be the zeros of P inK. For an algebraic extension E/K and a real number m, suppose there exists an
is sufficiently large, Krasner's lemma implies the existence of a K-embedding L ֒→ E. Thus our interest is in the relation between v K (P (β)) and sup i v K (β − α i ). More generally, we consider the value v K (P (z)) with z ∈ O K alg instead of β above. We may assume that v K (z−α 1 ) is the largest value in the set {v
This implies
Since G K acts on α 1 , . . . , α n transitively and this equality, the value v K (P (z)) depends only on sup i {v K (z−α i )}. Hence we consider a natural function ϕ L/K :
By definition, this function is piecewise linear, continuous and bijective. Hence we can define its inverse function ψ L/K .
Remark 2.2. We can easily check that the function ϕ L/K defined above coincides with ϕ L/K defined in Section 3.
We can easily check the equality
This often allows us to assume that L/K is totally ramified. More generally, the number m L/K is stable under unramified base change as follows:
Hence the result follows.
To define a filtration of G K , we show that the property (P m ) is stable under composition of finite Galois extensions of K as follows: 
are also O K -algebra homomorphisms. By the property (P m ), this implies the existence of K-embeddings L ֒→ E and
By Proposition 2.4, the union of all finite Galois extensions of K such that
Finally, we consider relations between the number m L/K and the ramifica-
be the minimal polynomial of α over K and α = α 1 , . . . , α n the zeros of P inK.
Proposition 2.5. Let L be a finite Galois extension of K and m a real number. Then the following conditions are equivalent:
(i) L/K is unramified. (ii) m L/K ≤ 0. (iii) m L/K < 1. P roof . First, assume L/K is unramified. Suppose there exists an O K -algebra homomorphism η : O L → O E /a m E/K for an algebraic extension E of K and m > 0. Since O L is formallyétale as an O K -algebra, we see η lifts uniquely to an O K -algebra homomorphism O L → O E (cf. [GD], 0 IV .19.10.
2). Thus (i) implies (ii). Since it is clear that (ii) implies (iii), it is enough to verify that (iii) implies (i). We may assume
is not true for L/K and m = 1. Hence the result follows.
where h is the cardinality of the set 
e Z for any i, we have
The proof is done.
Proposition 2.7. Let L be a finite Galois extension of K and m a real number. Then the following conditions are equivalent:
By Krasner's lemma, there exists a K-embedding L ֒→ E. Therefore, (P m ) is true for L/K and m. Thus (i) implies (ii). Next, we show that (ii) implies (i). Suppose L/K is wildly ramified. Then we show the inequality m L/K > 1. We may assume L/K is totally ramified.
and e L/K m is a positive integer, there exist unique integers s and r such that e L/K m = e L/K s + r, 1 ≤ s and 0 ≤ r < e L/K . If r = 0, then we have s > 1. Take an element a of K such that v K (a) = s. Put P (X) := P (X)−aX r . This polynomial is still an Eisenstein polynomial over K whose degree is e L/K . Choose a zero β of P inK and put E := K(β) which is a totally ramified extension of K. Since
On the other hand, Lemma 2.6 implies
where h is the cardinality of the set {α i |v K (α 1 − α i ) ≥ f }. This is a contradiction. Hence there is no K-embedding L ֒→ E. Thus (P m ) is not true for L/K and m. This implies our result.
By the properties of the number m L/K , our filtration (G
[m]
K ) m∈R has the following properties:
Theorem 2.8. Let m be a real number. Then we have:
′ be a finite separable extension of K, of ramification index e ′ . We identify the Galois group
K is the wild inertia subgroup of G K . P roof . The assertion (i) follows from Proposition 2.3. (ii) follows from Proposition 2.3. (iii) follows from Proposition 2.5. (iv) follows from Proposition 2.7.
Ramification breaks
In this section, we compare our ramification filtration with the classical one. First, we recall the classical ramification theory for separable extensions of K studied in [De] and [He] . Let L be a finite separable extension of
If L is a Galois extension of K with Galois group G, then we have
by definition, where the latter is the upper numbering ramification group in the sense of [Fo] . Namely, we put G (u) := G u−1 , where G u is the upper numbering ramification group defined in [Se] .
Proposition 3.1 ( [De] , Prop. 6.1). Let u be a real number and L a finite separable extension of K. We denote by 1 the identity map of L intoK. Then the following conditions are equivalent:
We put u K/K = −∞ by convention. The next lemma is a basic property of the number u L/K :
We may assume L and M are Galois extensions of K by Lemma 3.1. We denote by G and H the Galois groups of L/K and L/M each other. For a real number u, we identify G (u) H/H with a subgroup of Gal (M/K). Then we have Se] , Chap. IV, Prop. 14). Hence G (u) = 1 implies Gal (M/K) (u) = 1 for a real number u. Thus we obtain the inequality.
Fontaine proved the following proposition: 
By this proposition, we have the inequalities
for a finite separable extension L of K. More precisely, we have the following equality:
We may assume L/K is a Galois extension by Lemma 3.1. It is enough to show that (P m ) is not true for L/K and m < u L/K . The two numbers m L/K and u L/K are stable under unramified base change. Thus we may assume L/K is a totally ramified extension. If L/K is a tamely ramified extension, (P m ) is not true even for m = u L/K as shown in the proof of [Fo] , Proposition 1.5, (ii). Therefore, we may assume L/K is a wildly ramified extension. To prove this proposition, we shall find a counter-example to (P m ) for L/K and m = u L/K − e ′−1 , where e ′ can be taken an arbitrarily large number. Take a finite tamely ramified Galois extension
. By Lemma 3.2, we have m 0 ≥ m 1 , where m 1 := u L/K − e ′−1 . Consider the two O K -algebra homomorphisms defined by composite maps:
Since K ′ /K is a tamely ramified extension, we have u K ′ /K ≤ 1. On the other hand, since L ′ /K is a wildly ramified extension, we have e ′ m 0 > e ′ as shown in the proof of [Fo] , Proposition 1.5, (ii), hence we deduce m 0 > 1. Thus we have m 0 > u K ′ /K . According to (i) of Proposition 3.3 for K ′ /K, there exists a K-embedding K ′ ֒→ E corresponding to η ′′ . If we suppose there exists a K-embedding L ֒→ E, then there exists a K-embedding L ′ = LK ′ ֒→ E since L/K and K ′ /K are Galois extensions. This is a contradiction. Therefore, (P m ) is not true for L/K and m = m 1 . Hence the result follows.
Remark 3.5. By Proposition 2.4, Lemma 3.2 and Proposition 3.4, we deduce the equality
Theorem 1.1 follows from Proposition 3.4.
Appendix
First, we recall the ramification theory of Abbes and Saito ([AS1] , [AS2] ). In Subsection 4.1, we generalize the property (P m ) to the imperfect residue field case. In Subsection 4.2, we translate our results in Section 3 to the language of Abbes and Saito's ramification theory. Let K be a complete discrete valuation field whose residue field may not be perfect and G K the absolute Galois group of K. Abbes and Saito defined a decreasing filtration (G 
K is the inertia subgroup of G K . It is defined by using certain functors F and F m from the category F E K of finiteétale K-algebras to the category S K of finite G K -sets. We recall here the definition of F and F m assuming for simplicity that m is a positive integer. Let L be a finiteétale K-algebra, and let
The functor F gives an antiequivalence of F E K with S K , thereby making F E K a Galois category. To define 
where ( 
Imperfect residue field case
In this subsection, we generalize the property (P m ) to the imperfect residue field case. Hence we assume the residue field of K may not be perfect once more. Let L be a finite separable extension of K and m a rational number. If X is an affinoid variety over K and x is a point of X, we denote by X x the geometric connected component of X which contains x. The ring O L is a complete inter-
, Lem. 7.1). We denote by x 1 , . . . , x d the common zeros of f 1 , . . . , f n inK n . Consider the following property for L/K and m:
We can easily check that if O L is monogenic extension over O K , this property coincides with (P m ). On the other hand, we consider the following property for L/K and m:
, there exists a common zero x of f 1 , . . . , f n inK n such that z ∈ X xi for any x i except x.
By definition, the property (R
, Def. 6.3). Then we can show the following proposition which is a generalization of (i) of Proposition 3.3 to the imperfect residue field case:
This follows from the following lemma which is a version of Krasner's lemma. This is due to Hiranouchi and Taguchi.
Lemma 4.2. Let X be an affinoid variety over K, and let x, y be two points of X(K alg ). Assume the G K -conjugates of x are contained in different geometric connected components of X each other and that y is in the geometric connected component X x which contains x. Then K(x) ⊂ K(y).
This lemma is proved in the same way as the classical one. P roof . If σ ∈ Hom K(y) (K(x, y), K alg ), we have X x σ = X x and hence σ fixes x by the assumption on x. Thus we have K(x) ⊂ K(y).
Remark 4.3. The author does not know whether the equality m L/K = c L/K remains true in the case where the residue field of K is imperfect.
Comparison with Abbes and Saito's ramification theory
In this subsection, we translate our results in Section 3 to the language of Abbes and Saito's ramification theory. Let K be a complete discrete valuation field with perfect residue field and L a finite separable extension of K. We define an ultra-metric norm onK by |z| = θ vK (z) , where 0 < θ < 1 is a real number. For a zero x of P inK and rational number r > 0, the set {z ∈K||x − z| < r} is connected space which contains x. Hence (R 
